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Abstract. We consider characterizations of projective varieties in terms of 
their tangents. S. Mori established the characterization of projective spaces 
in arbitrary characteristic by ampleness of tangent bundles. J. Wahl charac- 
j^ ■ terized projective spaces in characteristic zero by cohomological condition of 

Mh| tangent bundles; in addition, he remarked that a counter-example in charac- 

teristic two is constructed from odd-dimensional hyperquadrics Qi n ~\ with 
n > 1. This is caused by existence of a common point in P 2n which every 
embedded tangent space to the quadric contains. In general, a projective va- 
riety in F N is said to be strange if its embedded tangent spaces admit such a 
common point in W N . A non-linear smooth projective curve is strange if and 
only if it is a conic in characteristic two (E. Lluis, P. Samuel). S. Kleiman 
and R. Piene showed that a non-linear smooth hypersurface in ¥ N is strange 
if and only if it is a quadric of odd-dimension in characteristic two. In this 
paper, we investigate complete intersection varieties, and prove that, a non- 
linear smooth complete intersection variety in V N is strange if and only if it 
is a quadric in P N of odd dimension in characteristic two; these conditions 
are also equivalent to non- vanishing of 0-cohomology of (— l)-twist of the 
J> ■ tangent bundle. 
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S. Mori [7j established the characterization of projective spaces in charac- 



teristic p ^ by ampleness of tangent bundles. The work has motivated 
approaches via tangential properties to characterizing several projective vari- 
eties. J. Wahl [10] characterized projective spaces in p = by cohomological 
condition of tangent bundles; in addition, he remarked that a counter-example 
in p = 2 is constructed from odd- dimensional hyperquadrics Q2n-i with n > 1 
[TOT p. 316]. This is caused by existence of a common point v £ P 2n which every 
embedded tangent space to the quadric contains ( IRemark 2.7|) . In general, a 
projective variety X C F N is said to be strange if its embedded tangent spaces 
admit such a common point v £ F N (see §2, for more details). 



It is classically known that a non-linear smooth projective curve X C P^ 
is strange if and only if X is a conic in F N in p = 2 (E. Lluis [5], P. Samuel 
[H]). In higher- dimensions, S. Kleiman and R. Piene [U Theorem 7] focused on 
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hyper surf aces, and showed that a non-linear smooth hypersurface X C P^ is 
strange if and only if X is a quadric in F N of odd dimension in p = 2. 

In this paper, we investigate whether a smooth complete intersection variety 
(without quadrics) can be strange, and answer it negatively by examining a 
parameter space of strange complete intersection varieties. In consequence, we 
have: 

Theorem 1.1. Let X be a smooth projective variety which is embedded in F N 
as a non-linear complete intersection, and denote by Ox(l) : = Op^(l)|x the 
very ample line bundle. Then the followings are equivalent: 

(a) X is strange in F N , 

(b) X is a quadric in F N of odd dimension in p = 2. 

Moreover, in the case where dim(X) ^ 2, the conditions (a) and (b) are equiv- 
alent to 

(c)H°(X,T x (-l))^0. 



This paper is organized as follows: In §2.1 studying relation between strange- 



ness and cohomology, we show the equivalence "(a) <?=> (c)" (for the exceptional 
case dim(X) = 1, see lRemark 2.10|) . In §2.2 we analyze defining polynomials 



of strange varieties. We say that a projective variety in P^ is an (e 1 , ... , e r )- 
complete intersection if it is scheme-theoretically equal to an intersection of r 
hypersurfaces of degrees e 1 , . . . , e r , where e 1 , . . . , e r are r positive integers. In 



(2) of §3, we define an irreducible parameter space 'K" of (e 1 , . . . , e r )-complete 
intersection varieties being strange for v . In order to show the implication 
"(a) =>- (b)", it is essential to consider the case where e k > 1 for any k and 
where 3i v is not equal to the parameter space of quadrics of odd dimensions in 



p = 2. In §3.1, we will construct an (e 1 , . . . , e r )-complete intersection variety 
Xq C P^ having an isolated singular point a ^ v. In §3.2 we will take the 



incidence variety / C "K" x F N parametrizing pairs of strange complete inter- 
section varieties and their singular points, and in addition, take an irreducible 
component Acl whose subset parametrizes the orbit of the pair (Xq, a) un- 
der automorphisms of P^ with fixed point v. Calculating the dimension of A, 
we will show that the projection A — > "K v is surjective in the case. This means 
that every (e 1 , . . . , e r )-complete intersection variety belonging to "K v is singular 
(ITheorem 3.81) . yielding Theorem 1.11 

2. Preliminary 

Let X C F N be a projective variety over an algebraically closed field K of 
characteristic p ^ 0. We say that X is strange for a point v G P^ if v e T X X 
for any smooth point i6l, where T X X C F N is the embedded tangent space 
to X at x. We simply say that X is strange in F N if X is strange for some 
point of F N . 

Let (zq : z\ : • • • : z^) be the homogeneous coordinates on P^. We denote 
by f z '■= df/dzj for a homogeneous polynomial / G K[z , z\, . . . , z N }. 
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Proposition 2.1. Let X C P^ be a hypersurface defined by a homogeneous 
polynomial f , and let v — (1 : : • • ■ : 0) G F N . Then X is strange for v if and 
only if f zo is the zero polynomial. 

Proof. Let a G X be a smooth point, where recall that T a X = (f Zo (a)zo + 
• • • + f ZN {a)z N = 0) C P*. Then v G T a X if and only if f Zo (a) = 0. Hence X 
is strange for v if and only if f Zo \x = 0. Here, the latter condition f ZQ \x = 
means that f zo is contained in the ideal (/) C K[z , . . . , zn], and then we have 
f zo = because of deg(/ 20 ) < deg(/). □ 

Note that, in the case where X C P^ is a degenerate subvariety and is 
contained in an m-dimensional linear subvariety L of P^, X is strange in P^ 
if and only if X is strange in L ~ P TO . 

Example 2.2. Let X C F N be a smooth quadric, i.e., a smooth projective 
variety of degree 2 in P . Then X is strange if and only if dim(X) is odd and 
p = 2. The reason is as follows: It is sufficient to consider the case where X is 
non-degenerate; thus we set N = dim(X) + 1. Let / be the defining equation 
of X. Choosing suitable coordinates (zo : Z\ : ■ ■ ■ : zn) on P^, we can assume 
that 

J zl + ziz 2 + z 3 z± H h z N -iz N if dim(X) is odd, 

| zqZ\ + ,22-23 + • • • + zn-\Zn if dim(X) is even. 

(a) Assume that dim(X) is odd and p = 2. Then f ZQ = 2zq = 0; hence it 



follows from Proposition 2.1|that X is strange for v = (1 : : • • • : 0). 



(b) Assume that dim(X) is even or p ^ 2. Let us consider the Gauss map 
7 : X -> (P 7 ^ sending a (-► T a X, where (F N ) y = G(N - 1,F N ) is the space 
of hyperplanes of P^. Indeed, we can describe 7 by 

a^ (/*o(o) : ••• : /^iv( a ))- 

Then, by assumption, 7 is isomorphic with 7*(0(1)) = 0(1), and j(X) is also 
a smooth quadric hypersurface in (P iV ) v . We denote by u* C (P Ar ) v the set 
of hyperplanes containing a point u G P . Then u* is a hyperplane of (P JV ) V . 
If X is strange for some u G P , then we have j(X) C u*, a contradiction. 
Hence X is not strange. 

We say that a projective variety X C P^ is a cone with vertex v G P^ if the 
line xv is contained in X for any x G X. If X is a cone with vertex t> , then X 
is strange for t>. 

Remark 2.3. In p = 0, if X is strange for v, then X is a cone with vertex v. 
The reason is as follows: Let n v : F N \ { v } — > P^ -1 be the linear projection 
from v, and let d^Xy : T^P^ — > T 7rti ( x )P Ar_1 be the linear map between Zariski 
tangent spaces. For any smooth point x G X with x ^ v, since T^xw C 
T X X n ker(d x TT v ), we have dim(<i a ,7r„(T x X)) = dim(X) — 1. It follows from 
p = that dim(7r t ,(X \ { i> })) = dim(X) — 1; hence X is a cone with vertex v. 
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Remark 2.4. Let X C P^ be a projective variety being strange for a point v. 
Then we immediately have the following properties: 

(a) If X is smooth and L C F N is a hyperplane not containing v, then X fl L 
is smooth. This is because, for each point x G X fl L, it follows from t> G T^X 
that T X X <£ L; hence IflLis smooth at x and T^X n L) = T X {X) n L. 

(b) Let 7r z : P^ \ { z } — ¥ P^" 1 be a linear projection from a point z G P w 
with z y^ v. Then the image Y" C P^ -1 of X under ir z is strange for tt z (v). 
This is because, T„ Z ( X )Y contains tt z (T x X) for a general point i£l. 

2.1. Section of 0-cohomology of (— l)-twist of a tangent bundle. Let 

X C F N be a smooth quasi-projective variety, and let Ox(l) := P iv (l)|x- We 
identify F N with (#°(P W , 0(l)) v \ 0)/(K \ 0), the projectivization of the dual 
vector space of H°(F N , 0(1)). Let 

vcH°(F N ,0(l)y 

be the one-dimensional vector subspace corresponding to v G P^. Considering 

the Euler sequence -► ¥ n ->• ^(P^, 0(1)) v ® P iv(l) 4 T ¥ n -» 0, we can 
define a composite homomorphism s„ of bundles on F N by 

s v : t) g> P iv(l) m- ^(P*, 0(l)) v g> P iv(l) 4 T P iv. 

Proposition 2.5. Lei X C P w fee a smooth quasi-projective variety. Then X 
is strange for v if and only if s v \x factors through T x C T ¥ n\x- Hence, in this 
case, s v \x gives a nonzero section of H°(X, T x (— 1)) — Horno x (0x(l),Tx). 

To show this, we consider CP X = CP x (0x(l)), the bundle of principal parts of 
Ox(l) of first order, which gives an exact sequence 

-)- tt x ->■ T x ® X (-1) ->• Ox ->• 0. 

Taking the dual of this, we have the following sequence with exact rows: 

Ox ? X V ® Ov(l) T x 

(1) | 

Ox H°(P N , 0(l)) v <g> 0jc(1) -^- T P ivU 

Considering the middle column arrow, since the projectivization of 7 X £g> 
k(x) C ^(P^, 0(l)) v corresponds to T X X C P^, we find that v C ? X V ®k(x) 
if and only if v G TT-jX. In particular, the following holds: 

Lemma 2.6. The subbundle v ® x C H°(F N , 0(1)) ®0 X «.s con toned m !P X V 
&/ and on/y i/X zs strange for v. 

Proof of Proposition 2.5 , If X is strange for n, then it follows from lLemma 2.6l 
that s^lx is equal to the composite map, v <S> Ox(l) ^-> ^x ® ^x(l) ~^Tx- If 
X is not strange for n, then v <£_ 7 X ® fc(x) for some x, and then the image 
of s v (x) : v — >■ TrP^ is not contained in T T X. □ 
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Remark 2.7. If a smooth projective variety X is strange and is not isomor- 



phic to a projective space, then it follows from Proposition 2.5 that X gives 
a counter-example in p > of the statement of Wahl's cohomological charac- 
terization of projective spaces. For example, smooth quadrics in p = 2 whose 



dimensions are odd and ^ 3 ( Example 2.2 ). (One dimensional quadrics, i.e., 
conies, are still isomorphic to P 1 .) 

In addition, we can restate strangeness of tangents as a cohomological con- 
dition, as follows: 

Corollary 2.8. Let X be a smooth projective variety, and let i : X <-> P^ be 
an embedding with a very ample line bundle X (1) := t*0 F jv(l). Denote by 
^x = < J > x (Ox{^-)) the bundle of principal parts of X (1) of first order. Then 
X is strange in F N if and only if H°(X, 7 X ) ^ 0. 

Proof. The "only if" part follows immediately from ILemma 2.61 To show 
the "if" part, we consider the case where there exists a nonzero section s G 
H°(X, 7 X ). By the middle column of (1), s is regarded as a nonzero section 



of H°(F N , 0(l)) v , which gives a point v e¥ N such that K ■ s = v. Then X is 
strange for v. □ 

Now, let us consider the case where X is a complete intersection. 

Proposition 2.9. Let X be a smooth projective variety embedded in F N as a 
complete intersection. Assume that dim(X) ^ 2. Then X is strange in F N if 
andonlyifH°(X,T x (-l))^0. 

Remark 2.10. The case where dim(X) = 1 is exceptional: Assume that X 
is a smooth (e 1 , . . . , e Ar_1 )-complete intersection curve in P . Then T x = 
O x {N + l- Ei^iv-i efc )> which implies that H°(X, T x (-1)) ^ if and only 
if X is a conic or line (in any p ^ 0). We recall that a smooth conic in p ^ 2 
is not strange. 

Lemma 2.11. Let X = X 1 !"!- • •nX r C P^ be an (N —r) -dimensional complete 
intersection variety with hypersurfaces X 1 , . . . , X r of degrees e 1 , . . . , e r . Then 
W(X, Q x (i)) = for < j < N - r and all i e Z. 

Proof. Since H j (¥ N , ¥ n({}) = for < j < N and all z, it follows from the 
exact sequence -> Opivf-e 1 ) -> O f n -y Q X i -> that H j (X\ O x i(i)) = 
for < j < N — 1 and all i. Similarly, it follows from the exact sequence 
->• O x i(-e 2 ) ->■ O x i -> O x i nx2 ->■ that ^'(X 1 n X 2 , Q x i nX 2{i)) = 
for < j < N - 2 and all i. Inductively, we have H j (X,O x (-i)) = for 
< j < N - r and all i. D 



Proof of \Proposition 23^ The "only if" part was shown in |Proposition 2.5] Let 
us prove the "if" part under the hypothesis. From ILemma 2.111 and N — r = 



dim(X) > 2, we have F 1 (X,O x (-l)) = 0. By the first row ofpjj it follows 
that 

H (X,? X V )^H°(X,T X (-1)) 



is surjective. Hence the assertion follows from Corollary 2.8. □ 
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2.2. Defining polynomials of a strange complete intersection variety. 

Let e 1 ,...,e r be r integers greater than 1. We recall that X C P^ is an 
(e 1 , . . . , e r )-complete intersection if X is scheme-theoretically equal to an inter- 
section of r hypersurfaces of degrees e 1 , . . . , e r , i.e., the defining homogeneous 
ideal Ix C K[z ,Zi, . . . , zjy] of X is generated by r homogeneous polynomials 
of degrees e 1 , . . . , e r . We generalize [Proposition 2.1[ as follows: 



Proposition 2.12. Let X C P w fee an (e 1 , . . . , e r ) -complete intersection vari- 
ety which is strange for a point v = (1 : : • • • : 0). Then Ix is generated by 
r homogeneous polynomials f 1 , . . . , f r of degrees e 1 , . . . , e r such that /* is the 
zero polynomial for 1 ^ k $C r. 

To prove the above statement, we first show the following lemma: 

Lemma 2.13. Let X C P^ be a projective variety which is strange for v = 
(1 : : • ■ ■ : 0). For a homogeneous polynomial g £ Ix of degree e, there exists 
a homogeneous polynomial g £ Ix of degree e, such that g ZQ = and that two 
ideals (g, zq), (g, Zq) C K[z , Z\, . . . , z^} coincide. 

Proof. For a homogeneous polynomial g £ Ix, we have g zo £ Ix- The reason 
is as follows: There is nothing to prove if g is the zero polynomial. Let g be 
nonzero, and denote by Y :— (g — 0) C P^, the hypersurface defined by g. For 
any a £ X, it follows that v £ T a X C T a y; then, since v — (1 : : • • • : 0) and 

T a r = (g Z0 (a)z H h g ZN (a)z N = 0), we have #* (a) = 0. Hence g ZQ £ I X - 

Applying the above argument inductively, we have d 3 g/dz 3 Q £ Ix for any 
j > 0. Now let 



,r- 



J'! ^ 



which is contained in Ix and satisfies that (g, zq) = (g,zo). In addition, we 
have g Zo = 0, because of 

_ ^ (-i)^r 1 ^ ^(-i)v 9^ 




./ ; 



^ (i-i)! d4 j^ x j\ dzi +l 

8g + (-l)^ 1 ^" 1 8?g 8g 



8z 0-1)! dz p dzo' 

where d p g/dzQ = since p is the characteristic of the ground field. □ 

Remark 2.14. The operation making g with g zo = is naturally appeared 
in an algorithm of derivation kernel computation (see [21 p. 27]; for positive 
characteristic, see [8]). 



Proof of Proposition 2.12, Let Ix be generated by homogeneous polynomials 



f 1 , . . . , f r of degrees e 1 , . . . , e r . From [Lemma 2.13J for each 1 ^ k ^ r, we have 
a homogeneous polynomial / fc of degree e k satisfying that f k £ Ix, ft. = 0, 



and (/ , Zq) = (/ , -ztq). We set X C P to be the complete intersection defined 
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by f 1 , . . . , f r . Then we have X C X and X n (z = 0) = X D [z = 0) for the 
hyperplane (zq = 0) C F N . 

Let x G X n (zq = 0). Then x ^ (zi = 0) for some i with 1 ^ i ^ iV. We 
assume i — 1, and set F fc := f k /zf , Z := Zq/z\, which are functions on the 
affine open subset (zi ^ 0) ~ A^. Then we have 

where the left hand side is equal to Qx,x/(Z ). Since X fl (z = 0) is smooth at 
x as in lRemark 2.^fa)| the local ring Ox, x /(Zo) is regular, and so is 0^ X /(Z ). 

It follows from [6j Theorem. 14.2] that F 1 , . . . , F r , Z give a subset of a regular 
system of parameters of 0-pN tX . In particular, Xx = 0pAf j2 ,/(F 1 , . . . ,F r ) is 

regular. This implies that X is smooth and of dimension N — r around x. It 
follows that X is an irreducible component of X. Since deg(X) = deg(X), we 
have X = X. □ 

Corollary 2.15. Let X C P w be an (e 1 , ... , e r )-complete intersection variety. 
Assume that X is strange for a point v and assume that e k < p for any k with 
1 ^ k ^ r. Then X is a cone with vertex v. 

Proof. Changing coordinate, we can assume that t> = (l:0:---:0)G 
P . Then it follows from Proposition 2.12 that X is defined by homogeneous 



polynomials f 1 , . . . , f r of degrees e 1 , . . . , e r such that /* = for 1 ^ k ^ r. If 
f k ^ K[zi, . . . , Zjv]> then the inequality e k < p implies f k Q ^ 0, a contradiction. 
Hence / fc G K[z\, . . . , Zjsr] for any k, which means that X is a cone with vertex 
v. □ 

3. Parameter space of strange complete intersection varieties 

Let CK e = |0 P iv(e)| be the projectivization of H°(¥ N , 0(e)), which parametrizes 
hypersurfaces of P^ of degree e. For a point v G P^, we denote by CKg the 
subset of 'Ke which parametrizes hypersurfaces being strange for v . Changing 
homogeneous coordinates (z : Z\ : • ■ ■ : z^) on P^, we can assume 

v = (1 : 0: ■•• : 0). 



Then we have "K^ = { f G 0~C e \ f zo = } due to [Proposition 2.1| In particular, 
'K'l is regarded as a linear subvariety of CK e , since it is equal to the projectiviza- 
tion of the kernel of the linear map H°(F N , 0(e)) ->• H°(F N , O(e-l)) : / i-> f Zo . 
Let e 1 , . . . , e r be r integers greater than 1. We denote by "K := 0~C e i x • ■ ■ x J~C e r , 
which parametrizes (e 1 , . . . , e r )-complete intersection varieties in P . Let us 
consider 

(2) W:=W el x ■■■xW er , 

which parametrizes complete intersection varieties being strange for v . Indeed, 
we have: 

(3) W = {(f\...,f) G X) | f zo = ■■■ = f zo = 0}. 



s 
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Note that "K" is irreducible, since so is each < K v e . 

, e r )-complete intersection variety 



-,i 



Remark 3.1. Let I C P^ be an 

being strange for v. Then, from Proposition 2.12 we can find homogeneous 

polynomials (f 1 , . . . , f r ) G 'K" whose zero set is equal to X. 

3.1. Strange varieties with isolated singular points. We construct a 
member of "K v which defines a complete intersection variety X having an 
isolated singular point a ^ v. Later, the pair (X Q , a) will play an essential 
role. 

For a member (J 1 , . . . , f r ) G "K" and for a G F N , we set 



(4) 



D((f 



D((f k ),a;F 



N\ 



■flM) 
JIM) 



flM 



V 

J z 



where we need not consider /* 's since these are zero as in (3) The complete 



intersection variety X C P^ defined by (f 1 , . . . , f r ) is singular at a G f N if 
and only if / x (a) = ■ ■ • = f r {a) = and ik D((f k ), a) < r. 

Proposition 3.2. Assume that "K is not equal to the parameter space of 
quadric hypersurfaces in F N of odd dimensions in p = 2. Assume that p > 
and e k ^ p for some k. Then there exists a complete intersection vari- 
ety X C F N defined by a member of "K" such that Sing X Q ^ {v} and 
< #(SingX ) < oo. In particular, there exists an isolated singular point 
a of X Q such that a/«. 

Remark 3.3 (Hypersurfaces). Let us consider the case where "K is equal to 
"He, the parameter space of hypersurfaces in P^ of degree e. 

(a) Suppose that 'K = "K 2 in p = 2, and suppose that iV is even (i.e., 
hypersurfaces are of odd dimensions). Then every member of "K^ does not 
satisfy the statement "SingX ^ {v} and < #(SingX ) < oo". This is 
because, if a quadric X C P^ is defined by a member of t K v and is singular at 
a point a ^ v, then we have dim(SingX) ^ 1, as follows: Let it : F N \ { a } — > 
f >N ~ 1 be the linear projection from a. Then Y = n(X) C P^ -1 is an (N — 2)- 
dimensional quadric, and X = 7r _1 (y) (it is a cone with vertex a). Since X is 
strange for v, Y is strange for n(v) as in IRemark 2.4 Fb). From Example 2.2 , 
Y is not smooth. Hence, for w G Sing(y), the line ir~ 1 (w) is contained in 
Sing(X). 

(b) Suppose that "K = D-C 2 in p = 2, and suppose N in odd. Then "K^ satisfies 
the statement, as follows: We take L C F N to be a hyperplane containing v, 
and take Y to be an (N — 2)-dimensional smooth quadric in L which is strange 
for v. For a point a ^ L, we set Xq = Cone Q (y), the cone over Y with vertex 
a. Then it follows that Sing(X ) = { a } with a ^ v. 

(c) For e ^ 3 and e ^ p > 0, we can construct a member of CKg satisfying 
the statement of proposition 3.2], as follows. Suppose that p \ e. Then we set 
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Xq C F n to be the hypersurface defined by 

/ = Z N Z e x\ + Z N -lZj^ 2 + ■■■ + Z 2 zl~ X + Z%. 

Then X is strange for v because of f zo = 0. On the other hand, D(f,z) = 
[fzA z ) ■ ■ ■ fz N ( z )] is ec l ual to 

[{e-l)z{- 2 z 2 z ^ + (e-l)z e 2 - 2 z 3 ... z^\ + (e - l)z N z^ z e N \]. 

Then Sing(X ) = { (0 : • • ■ : : 1) } holds, as follows: We have "d" im- 
mediately. To show "c", we take z G Sing(X ). Since D(f,z) = 0, by the 
first polynomial from the right of the above description of D(f,z), we have 
2jv_i = 0. By the second polynomial from the right, we have z^-2 = because 
of e — 2 ^ 1. Similarly, we have z\ — ■ ■ ■ — z N _ 1 = 0. Since f(z) = 0, we have 
z = 0. Therefore z — (0 : • - • : : 1). 

Suppose that e > p and p \ e. Then we set X C F N to be the hypersurface 
defined by 

j = z (j z 1 + z 2 + ■ ■ • + z N . 
Then X is strange for v. In addition, D(f, z) is equal to 

[(e-p)z p z e 1 - p - 1 ezr 1 ••• e^ 1 ]. 

Thus Sing(Xo) = { (1 : : : • • • : 0), (0 : 1 : : • • • : 0) } if e > p + 1, and 
Sing(Xo) = { (0 : 1 : : • • • : 0) } if e = p + 1. 



Proof of Proposition 3.£\ We have already shown the assertion in the case 



where CK" is the space of hypersurfaces, as above. Thus we assume that r ^ 2. 
Without loss of generality, we can assume that e\ ^ p. Let us take Z C P^^ 1 
to be a complete intersection variety defined by r — 1 homogeneous polynomials 
f 2 ,...,f r e K[zi, ...,z N ] of degrees e 2 , . . . , e r , such that < #(Sing(Z)) < 
oo (for example, a cone over a smooth variety). By Bertini's theorem, we 
can choose a hypersurface Y 1 C P^ -1 defined by a homogeneous polynomial 
f 1 G K[zi, . . . , zn] of degree e 1 such that the intersection Y := Y 1 fl Z C P 7 ^ 1 
is smooth, where Y 1 fl Sing(Z) = 0. 

Let (3 = (/?i : • • • : /3n) G Sing(Z). Then we have 

f\/3)^0 and rk J D((/ 2 ,...,f),/3;P 7V - 1 )<r-l. 

Here, without loss of generality, we can assume that f5\ ^ 0. We regard Y as 
a subvariety of P^ contained in the hyperplane {zq = 0) ~ P^ -1 . 
Now, let us define a complete intersection variety 

X :=(g 1 = f 2 = --- = f r = 0)GF N , 

where 

9 1 ■= f 1 ~ — tzt ■ 4z(~ p G K[zq, z 1 ,...,z N ]. 
131 p 

Then X Q is strange for u because of g x = 0. In addition, we have dim(Sing(X )) < 
1, as follows: By definition of g 1 , the intersection X fl (zq = 0) is equal to the 
smooth variety Y. It follows that Xq is smooth at any x G Y (by considering 
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regular system of parameters of 0y, x as in the proof of Proposition 2.T2J ). Thus 
Sing(X ) does not intersect with (z = 0), which implies that Sing(X ) must 
be of dimension < 1. 

Next, we set a := (1 : (3i : ■ • • : (3^) G F N , where a ^ v. We have 
a G Sing(X ), as follows: Since (3 G Z, we have f 2 (a) = ■ ■ ■ = f r (a) = 
0. By definition of g 1 , it follows that g 1 (a) = 0. Hence a G X . Since 
rk J D((/ 2 ,...,/ r ),/3;P Ar " 1 ) < r - 1, we have rk J D((^ 1 , f 2 , . . . , f r ), a; F N ) < r. 
Hence a G Sing(X ). D 

3.2. Irreducible Components of the incidence variety. Let us consider 

f\a) = --- = f(a) = 



((f), a) eJTxP 



N 



and rkD((f k ),a) < r 



which is the incidence variety parametrizing pairs (X, a) such that X is a 
complete intersection variety defined by (f k ) G < K V and that a is a singular 
point of X. Let pr x : I — > 3~C V and pr 2 : / — > F N be the first and second 
projections. Here, the image pr 1 (J) C "K v parametrizes singular complete 
intersection varieties. 

For a member (f 1 , . . . , f r ) G 0~C V , we set 

7i(a) ••• fl N -Mi 



D'((f%a):- 



flM) 



f. 



ZN-l 



i.e., we remove /^ 's from D((f ), a) defined in (4) ), and set 



V :-- 



((f k ),a) 6}CxP 



N 



and rk £>'((/* 



f(a) = 



o <r 



where we have I C I'. We will investigate irreducible components of I' and J. 

Lemma 3.4. Let A' 6e an irreducible component of I' . If pr 2 (A') = P^, then 
A' is of dimension ^ dim(H v ). 

Remark 3.5. Let M k = M k (r, n) be the set of (£ij)i^r,i<j<n e ^ rn sucri that 

X IA • • • x l,n 



rk 



iXj f \ ... Jb f 



Ck. 



sec 



Then M k is an irreducible subvariety of codimension (r — k)(n — k) in A 
HI p. 67, II, §2, Prop.]). 

Remark 3.6. Let a = (a : ■ • • : a/v) G P w be a point with a^ ^ 0. Let 
% v e C i/°(P iV , 0(e)) be the affine subvariety corresponding to % v e C "K e . We 
consider the morphism 

d> e : %l -> A^ 1 : / h. (^ (a), . . . , /^ (a)). 
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Then $ e is surjective. This is because, for b = (b\, ... , 6jv-i) £ A^ -1 , we have 
$ e (bi/a e x l ■ ZiZ^ 1 + ■■■ + fojv-i/a^ 1 • zn-xZ^ 1 ) = b. 

Proof of Lemma 3.4 ■ Let a = (a : ■■• : a^) G F N be general. Then we 
can assume a^ ^ 0. Let us calculate the codimension of the intersection 
/' PI (K u x { a }), which is equal to the fiber of pr 2 : /' — >■ P^ at a. First, we set 

$ = $ efc : W -»- A^" 1 ) : {f k ) ^ D'((f k ),a), 

where < M V := (f) IK * C H°(¥ N , 0(e k )) is the affine subvariety corresponding 
to 'K" C IK. From [Remark 3.6| $ is surjective. Moreover, $ is a smooth mor- 
phism, since it is regarded as a linear map of vector spaces. Hence $ _1 (M r _ 1 ) C 
'K v is of codimension N - r, where M r _i = M r _i(r, AT - 1) C A r(JV_1) is the 
subvariety defined in IRemark 3.51 Then each irreducible component of 

(5) ^(MmJHF.C^ 

is of codimension < N, where F a := { (f k ) G K> | J 1 (a) = • • • = f r (a) = }. 
Now, the projective variety in 'K" corresponding to the affine variety (5) can 
be identified with 

I'n(W x {a}) C (IK 11 x {a}). 

Hence each irreducible component of I' fl (IK" x { a }) is of codimension ^ N. 
Since A' — > P^ is surjective and since a G P N is general, we have that 

codim(A', % v x P^) = codim(A' n (IK" x { a }), IK" x { a }), 

and have that A' fl (IK" x { a }) is an irreducible component of I' fl (IK* x { a }). 
Hence codim(A', IK" x P^) ^ N, which implies the assertion. □ 

Lemma 3.7. Let A' C /' fee an irreducible subset. 7/pr 2 (A / ) G: (^tv = 0), then 
A'CI. 

Proof. Let ((f h ),a) G A' be a general member. Since pr 2 (A') (jL (zpj = 0), 
a — (ao : • • • : a^v) satisfies a^ ^ 0. Then, since f k Q = 0, it follows from Euler's 

formula ^j=o a i/z( a ) = e fc / fc (a) = that 

/£v(°) = -K/ a w • /^(o) + • • • + a^-i/flTv • /*„_») 

holds for 1 ^ fc ^ r. Thus the last column vector of the matrix D((f k ),a) 
defined in (4) is written by a linear combination of the rest of column vec- 
tors. Then, since D'((f k ),a) is of rank < r, so is D((f k ),a). It follows that 

((f k ),a)ei. a 

Theorem 3.8. Let v G F N be a point, and let e 1 , . . . , e r be r integers greater 



than 1. Recall that "K" = IK"i x • • ■ x Kg r is the parameter space defined in (2) 



Assume that K is not equal to the parameter space of quadric hypersurfaces of 
odd dimensions in p = 2. Then pr 1 (J) = IK", which means that every complete 
intersection variety defined by a member of 3i v is singular. 
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Proof. If p = or e k < p for any k, then it follows from IRcmark 2.31 and 



Corollary 2.15 that every X defined by a member of Ji v is a cone with vertex 
v , in particular, is singular. 

Now we assume that p > and e k ^ p for some k. From Proposition 3.2 



we can take ((/ fc ), a) G IK" x P^ such that a ^ i; is an isolated singular point 
of the complete intersection variety X C F N defined by (f k ). 

We denote by PGL(P Ar ; v) C PGL(P iV ) the group of automorphisms o of 
F N such that o~(v) = v. Let us consider the subset of I parametrizing pairs 
(a(Xo), c(a)) with cr G PGL(P Ar ;t>), which is actually given by the orbit of 
((/ fc ),a)in/, 

{(((a- 1 )* f k ),a(a)) e I \ a ePGL(F N ;v)}, 

where (a~ 1 )*f k (z) := f k (a~ 1 (z)). Now we take an irreducible component A of 
/ containing the above orbit. Then pr 2 (A) = P^. Here we have 

(6) dim(A) = dim(pr 1 (A)). 



o 



The reason is as follows: The fiber of pr x : / — > "K v at (/ ) is equal to Sing(X, 
Since a is isolated, the set { a } is an irreducible component of Sing(X ). Since 
each irreducible component of a fiber of A — > pr 1 (A) must be of dimension 
^ dim(A) — dim(pr 1 (A)), the equality dim(A) = dim(pr 1 (A)) holds. 

Let A' C I' be an irreducible component of I' such that A C A'. From 
ILemma 3.4[ dim(A') ^ dim.CK v ). From [Lemma 3.TJ we have A = A'. From 



(6), we have dim(pr 1 (A)) ^ dim(IK' ; ), and hence pr 1 (A) = { K V . D 



Proof of \Theorem 1.1\ The equivalence "(a) <^ (c)" follows immediately from 



Proposition 2.9 The implication "(b) =>■ (a)" follows as in Example 2.2 Now 
we show the implication "(a) =>• (b)". Let X C P^ be a smooth (e 1 , . . . , e r )- 
complete intersection variety, and assume that X is strange for a point v G P w . 
It is sufficient to consider the case where X is non-degenerate. Then e k > 1 for 
any k. As in lRemark 3.1[ it follows from Proposition 2.12 that X is defined by 



a member of (f k ) G "}i v . Since X is smooth, it follows from Theorem 3.^1 that 
X must be a quadric of odd dimension in p = 2. □ 
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